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a b s t r a c t
In this paper, we construct a counter example to show that ‘‘Theorem’’ of Hyers–Ulam
Stability of Flett’s Point in [M. Das, T. Riedel, P.K. Sahoo, Hyers-Ulam stability of Flett’s
points, AppliedMathematics Letters. 16 (3) (2003), 269–271] is incorrect. At the same time,
we give the correct theorem and generalize it.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
In 1954, Hyers and Ulam [1] considered the stability of differential expressions and proved the following theorem.
Theorem A. Let f : R→ R be a function having an nth derivative in a neighborhood N of the point η. Suppose f (n)(η) = 0 and
f (n)(x) changes sign at η. Then, corresponding to each ε > 0, there exists a δ > 0 such that for each function h : R→ R which
has nth derivative in N and satisfies |h(x)− f (x)| < δ in N, there exists a point ξ in N such that h(n)(ξ) = 0 and |ξ − η| < ε.
Let [a, b] ⊂ R be a closed interval and
φ = {f : [a, b] → R | f is continuously differentiable, f ′(a) = f ′(b)}.
In 1958, Flett [2] proved the following result which is a variant of Lagrange’s mean value theorem.
Theorem B. If f ∈ φ, then there exists a point x ∈ (a, b) such that
f (x)− f (a) = f ′(x)(x− a).
Such an intermediate point xwill be called Flett’s point of the function f . The geometrical interpretation of Theorem B is
as follows. If the function y = f (x) is differentiable in (a, b), and the tangents to the graph of f at the points (a, f (a)) and
(b, f (b)) are parallel, then there is an intermediate point x such that the tangent there passes through the point (a, f (a))
(see Fig. 1).
In 1998, Sahoo and Riedel [3] removed the boundary assumption on the derivatives.
Theorem C. Let f : [a, b] → R be differentiable on [a, b]. Then there exists a point x ∈ (a, b) such that
f (x)− f (a) = f ′(x)(x− a)− f
′(b)− f ′(a)
2(b− a) (x− a)
2.
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Fig. 1. Theorem B.
Such an intermediate point xwill be called Sahoo–Riedel’s point of the function f . In 2003, M. Das, T. Riedel, P.K. Sahoo [4]
gave a Hyers–Ulam type stability result for Flett’s points.
Theorem D. Let f ∈ φ and η be a Flett’s point of f in (a, b). Assume that there is a neighborhood N of η in (a, b) such that η is
the unique Flett’s point of f in N. Then for each ε > 0, there exists a δ > 0 such that for every h ∈ φ satisfying h(a) = f (a) and
|h(x)− f (x)| < δ for all x in N, there exists a point ξ ∈ N such that ξ is a Flett’s point of h and |ξ − η| < δ.
In this paper,we first construct a counter example to show that ‘‘TheoremD’’ is incorrect, thenweproved theHyers–Ulam
stability of the Sahoo–Riedel’s point, and as a corollary we get the stability of Flett’s point.
2. Main results
Example. Let [a, b] = [−2pi, 2pi ],
f (x) =
{
cos x− 1, x ≤ 0,
1− cos x, x > 0.
Then
f ′(x) =
{− sin x, x < 0,
0, x = 0,
sin x, x > 0.
Evidently, f ′(a) = f ′(b), and η = 0 is the unique Flett’s point of f in (−pi4 , pi4 ). For sufficiently small δ > 0, define
h(x) = hδ(x) = f (x)− δ3
(
cos
x
2
+ 1
)
(see Fig. 2), then
h(a) = f (a),
|h(x)− f (x)| < δ, x ∈ [a, b],
h′(x) =

(
−2 cos x
2
+ δ
6
)
sin
x
2
, x < 0,
0, x = 0,(
2 cos
x
2
+ δ
6
)
sin
x
2
, x > 0,
and h′(a) = h′(b) = 0.
Now we show that there is no Flett’s point of h(x) in N = (−pi4 , pi4 ). In fact, h′(x) ≥ 0 for all x ∈ N . For x ∈ (−pi4 , 0], by
the geometrical interpretation of Flett’s theorem, we see that the tangent to the graph of h at (x, h(x)) does not pass through
the point A(−2pi, 0). For x ∈ (0, pi4 ), the tangent equation is
Y − h(x) = (X − x)
(
2 cos
x
2
+ δ
6
)
sin
x
2
.
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Fig. 2. Example.
When X = −2pi ,
Y = (−2pi − x)
(
2 cos
x
2
+ δ
6
)
sin
x
2
+
[
1− cos x− δ
3
(
cos
x
2
+ 1
)]
< −2pi sin x+ 1− cos x.
Let q(x) = −2pi sin x + 1 − cos x, then q′(x) = −2pi cos x + sin x < 0 for x ∈ (0, pi4 ). Thus q(x) decreases monotonously
and by q(0) = 0 we have q(x) < 0, which implies Y < 0. Hence, the tangent does not pass through A(−2pi, 0). Now we see
that there is no Flett’s point of h(x) in N = (−pi4 , pi4 ).
The example above shows that ‘‘Theorem D’’ is incorrect.
Theorem. Let f , h : [a, b] → R be differentiable and η be a Sahoo–Riedel’s point of f in (a, b). If f has 2nd derivative at η and
f ′′(η)(η − a)− 2f ′(η)+ 2(f (η)− f (a))
η − a 6= 0,
then corresponding to any ε > 0 and any neighborhood N ⊂ (a, b) of η, there exists a δ > 0 such that for every h satisfying
|h(x) − h(a) − (f (x) − f (a))| < δ for x in N and h′(b) − h′(a) = f ′(b) − f ′(a), there exists a point ξ ∈ N such that ξ is a
Sahoo–Riedel’s point of h and |ξ − η| < ε.
Proof. Consider the auxiliary function Gf (x) : [a, b] → R corresponding to f defined by
Gf (x) =

f (x)− f (a)
x− a −
f ′(b)− f ′(a)
2(b− a) (x− a), x ∈ (a, b],
f ′(a), x = a.
Evidently, Gf (x) is continuous on [a, b] and differentiable on (a, b]. Further, we have
G′f (x) = −
f (x)− f (a)
(x− a)2 +
f ′(x)
x− a −
f ′(b)− f ′(a)
2(b− a) , x ∈ (a, b].
Now applying the Taylor formula to 1x−a and
1
(x−a)2 , by the fact that
f (x) = f (η)+ f ′(η)(x− η)+ o(x− η),
f ′(x) = f ′(η)+ f ′′(η)(x− η)+ o(x− η),
we obtain
G′f (x) = −[f (η)− f (a)+ f ′(η)(x− η)+ o(x− η)]
[
1
(η − a)2 −
2
(η − a)3 (x− η)+ o(x− η)
]
+ [f ′(η)+ f ′′(η)(x− η)+ o(x− η)]
[
1
η − a −
1
(η − a)2 (x− η)+ o(x− η)
]
− f
′(b)− f ′(a)
2(b− a)
= − f (η)− f (a)
(η − a)2 +
f ′(η)
η − a −
f ′(b)− f ′(a)
2(b− a)
+ (x− η)
[
f ′′(η)
η − a −
f ′(η)
(η − a)2
]
− (x− η)
[
f ′(η)
(η − a)2 −
2(f (η)− f (a))
(η − a)3
]
+ o(x− η).
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Since η is the Sahoo–Riedel’s point of function f , G′f (η) = 0 and
G′f (x) =
x− η
(η − a)2
[
f ′′(η)(η − a)− 2f ′(η)+ 2(f (η)− f (a))
η − a
]
+ o(x− η).
By the assumption
f ′′(η)(η − a)− 2f ′(η)+ 2(f (η)− f (a))
η − a 6= 0,
there exists a neighborhood (c, d) ⊂ N of η, such that G′f (x) changes sign at η in (c, d).
Let Gh(x) : [a, b] → R be the corresponding auxiliary function:
Gh(x) =

h(x)− h(a)
x− a −
h′(b)− h′(a)
2(b− a) (x− a), x ∈ (a, b],
h′(a), x = a.
It is easy to see that Gh(x) is differentiable in N . By Theorem A, there exists a δ > 0, such that if |Gh(x)− Gf (x)| < δ for x
in (c, d), then there exists a point ξ ∈ (c, d) satisfying G′h(ξ) = 0 and |ξ − η| < ε.
Since
(x− a)Gh(x)− (x− a)Gf (x) = [h(x)− h(a)− f (x)+ f (a)] − (x− a)
2
2(b− a) [(h
′(b)− h′(a))− (f ′(b)− f ′(a))]
= h(x)− h(a)− (f (x)− f (a)),
then for δ = δ(c − a), we arrive at the inequality |Gh(x) − Gf (x)| < δ(∀x ∈ (c, d) ⊂ N), for all h(x) subject to
|h(x) − h(a) − (f (x) − f (a))| < δ for x ∈ N . By Theorem A, there exists a point ξ ∈ (c, d) such that G′h(ξ) = 0 and|ξ − η| < ε. But G′h(ξ) = 0 implies
−h(ξ)− h(a)
(ξ − a)2 +
h′(ξ)
ξ − a −
h′(b)− h′(a)
2(b− a) = 0,
which is h(ξ)−h(a) = h′(ξ)(ξ−a)− h′(b)−h′(a)2(b−a) (ξ−a)2. Hence, ξ is a Sahoo–Riedel’s point of h and the proof of the theorem
is complete. 
In the special case of f ′(a) = f ′(b) and h′(a) = h′(b), we obtain the stability of Flett’s point as a corollary.
Corollary. Let f ∈ φ and η be a Flett’s point of f in (a, b). If f has 2nd derivative at η and
f ′′(η)(η − a)− 2f ′(η)+ 2(f (η)− f (a))
η − a 6= 0,
then corresponding to any ε > 0 and any neighborhood N ⊂ (a, b) of η, there exists a δ > 0 such that for every h ∈ φ satisfying
h(a) = f (a) and |h(x)− f (x)| < δ for x in N, there exists a point ξ ∈ N such that ξ is a Flett’s point of h and |ξ − η| < ε.
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